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We show that the application of the truncated Patésypansion and symbolic computation leads
to a new class of analytical solitary-wave solutions to the general fifth-order nonlinear evolution
equations which include Lax, Sawada-Kotera (SK), Kaup-Kupershmidt (KK), and Ito equations.
Some explicit solitary-wave solutions are presented.
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While itis easy to write down in closed from a soli-fourth equation in the model is the Ito equation, with
tary wave solution for the simplest standard modely = 3,3 = 6, andy = 2, which is not completely
namely the Korteweg-de Vries (KdV) equation, iintegrable but has a limited number of conservation
has proved quite difficult to obtain such solutions fotaws [8]. More recently, using a simplified version of
the problems from which the KdV equation was deHirota’s method, Hereman and Nuseir [2] explicitly
rived as a First approximation [1]. As such KdV hi-constructed multi-soliton solutions of the KK equa-
erarchy models, we investigate the generalized notien for which soliton solutions were not previously
integrable fifth-order nonlinear evolution equations dknown. However, to our knowledge no attempt has
the form [2] been made for finding more general solitary-wave

solutions other than the above mentioned models be-

Uy + QU pp + Plp gy + YU UL + Uzpeee = 0, (1)  cause of lengthy and nearly impossible calculations

without proper symbolic computation packages. By
where «, 3, and~y are constant model parametersutilizing the symbolic packag®laple, Hong [12] re-
This model includes the Lax [3], Kaup-Kupershmidtently found some analytical solitary-wave solutions
(KK) [4 - 7], Sawada-Kotela (SK) [9], and Ito equa-to the general fifth-order water models in [13], with
tions [8]. As the constants, /3, andy take different some constraints on the model parameters.
values, the properties of (1) drastically change. For In this work, we make use of both the truncated
instance, the Lax equation with= 10,5 = 20, and Painle\e expansion and the symbolic computation
~ = 30, and the SK equationwhete= 3 =y =5,are method [14 - 17] to obtain aauto-Backlund trans-
completely integrable. These two equations have formationand certain explicit solitary-wave solutions
soliton solutions and an infinite set of conservatiofor the generalized non-integrable fifth-order nonlin-
laws. The KK equation, witth = 10,5 = 25 and ear evolution equation, which are different from the
~ = 20, is also known to be integrable [6] and to havesolutions of the models mentioned above [3 - 8].
bilinear representations [10, 11], but the explicit form A non-linear partial differential equation (NPDE)
of its V-soliton solution is apparently not known. Ais said to possess the Pairdeproperty when the
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solutions of the NPDE are “single valued” about In order to find solitonic solutions for (1), we trun-
the movable, singularity manifold which is “non-cate the Painleévexpansion, (3), at the constant-level
characteristic”. To be more precise, if the singularityerm in the senses of Tian and Gao [15] and Khater
manifold is determined by etal. [17],

¢(Zl7 22y 00y Zn) = 07 (2) _ J
u(xat) = d) J(m,t)Zu;(m,t)(ﬁl(x,t). (4)
andu = u(zy, 22, ..., 2,,) IS a solution of the NPD, then 1=0

itis required that On balancing the highest-order contributions from the

oo ‘ linear term (i. eu.....) With the highest order con-
w= 9%y ue, (3) tributions from the nonlinear term (i.%u,.), we get
=0 J =2, so that
where uo ? 07 ¢ = ¢(Zl7 R2y euey Zn)a wj = uj(Zla ( 7t) _ ’U/o(x, t) ul(x7 t) + uz(x7 t) (5)

Z2, ..., Z,) @re analytical function ofy;) in the neigh-
borhood of the manifold (3), and is a negative,
rational number. Substitution of (3) into the NPDE
determines the allowed values afand defines the
recursion relation forn;, j = 0,1, 2,.... When the
ansatz (3) is correct, the NPDE is said to posse
the Painlee property and is conjectured to be inte
grable [14, 17].

*(z,1)  d(,1)
We will stay with the general assumption that

< 7 0 butwill not initially impose any constraints on
the model parameters, 3, v. When substituting the
ggove expressions into (1) with the symbolic program
packageMaple, we let the coefficients of like powers
of ¢ vanish, so as to get the set of PaideBacklund
(PB) equations,

¢~7 1 —T20uo0,” — 123 uo’,> — 240 ue?.® — 2vue’p, = 0, (6)
¢~%: —300 usuod,® + 180 ue?ds dus + 180 uod, “uo. + 1200u0¢, doe — 108 uods us — 48 e’ Gu b

+ 148 uod.“uo,. — 120u1¢,” — 5y uo®usde + 7 uouo,. +600¢, *ug, = 0, ©)
$7% 1 —60uUoBoU0 e — 47 UoP Ptz — 240 uptod,® + 6 Burds U0 — 2 u1’h.’ + 4B uodures

+ 18« uqumzuo,z + 240 U1y Pre T 27 UoULUD » — 47y uoulquz + 6« uqumzul,z +1043 ul,zuquzz

— 2Bu0bsU0.00 — 60 UPustioe — 2B UopUobre — 43 Prtio® — T20¢, G outio.. + 1206, u

+ 240010, b0 + Y 0%, — 240u00, *Pue — 360U0P. bre” — 200 U e — B us?0,

— 240¢,%ug . = 0, (8)
o~ yurPuo e — Y urdde + 906, U0 x + 600, %U0 pop + B U0, 02w — B UG, + 18 URUGDL Do

+ 2 Uty — 3 UGUL D e + 27V Uotaty 5 + B Ut UL, + 4B urd,2un , + 180 Upd, Pug

+ 6Q UL U0 e — BULDLUO e — B U0 UIDze — BAUIGator + B U D Dre + BULPDr P

— 67 utptod, — 2B U0t ze + 6B Uz U0 — 2B UL U0Pre — 3O UGUL L Prr — 3 UGUL 2z P

+ 1800, ¢r0U0,00 — 68100 U100 — 606, U1 o0 + 1200, Grostio s + Y UPUze — 60UOG s Puvs

+ QUQUO pzr — 1800,°U1 2 Prn — B0ULDL D000 — W0ULD LD + 30UGDs Prn = O, 9)
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073 QuguL pre Y UL 1P — 2 B Uz U0Bes — 2 BUorU2 e + 2V UUIUZ ; — 2UoPr — 2U0Prrres

— 4Bz hrtio e + 20U 1oy’ + 30000 U1 e — 200000 p0e — 100,10 w0z — 10Gs000ti0.

— 200,00 + B URUL DL P + 27 UsURUO e + 2 B Up U D — B ULUL 0P — BAULUL 4 P

— BUutpU1py — BUlppu1dy + 27 Ul pUolz — 20 URUQPerr — 27 U UoD, + Bar U2¢z2u17z

— BQ U202 U0 x — B UG U0 — 277 ULPU2D: + 0Pt 2 Droe + O ULUO 2w — 2B UL Pe

+ Bt ption + BUtptoer + 600,11 nrr + L0010, Drrne + 20U1Pr0 Prre — O UL ey

+ 100 $o U re — 31 Prlioee — 5O Gatio oo — 47 Une G + 3P0 U, = O, (10)
072 —urdy F QUUQ prw — UL Prrawn — 2B U2 UL 2Py + 27 ULUUL » — Y UPUI By — O URUL Dy

+ 27U 2 uoUz — 3 URUL Pz — 3 UUL 22 Pr — B UZ,22U1Pr — B U2 UIPzz + UOzrwza T Uoyt

+ Bt pe — 10Ul 10 Brrr — BULe Proze + 7 U220 w + Y Uz o U1? + QUIUL 3z — D UL x00x P

+ QAUQUL por — 10U 220 Pre + B U2 U0 00 + B U2 U0, = O, (11)
1ia ULUR gz T O URUL ppg T UL pozr T 27 ULUUL 5 +7Y u22u1,z + L UL U2 pp F B U2 UL e Hury = 0, (12)
#° . uy needs to satisfy the original equation, i.e.,

2 —
U2,zzzze + ﬂUZ,zUZ,zz el U2, zzx + U2,¢ + YU2 U2,z = 0 (13)

The set of (5) and (6 - 13) constitutes auto-Backlund transformation, if the set is solvable with respect
to ¢(x, t), ug(x, t), ur(x, t) anduy(x, t) [15, 16]. Equation (6) brings out three possibilities fg(z, t):

2 2
g (B =20+, - _g(=8-20-H)¢, ’ (14)

I — | -
Ug = 07 Ug =
Y Y

whereH = /32 + 43 a + 4a2 — 40~. Some complicated symbolic manipulations are required to find general
solutions for the remaining;(x, t) andux(x, t). However, due to increasing complexities in the symbolic
computations, a long CPU time is required. Thus, in the following, in order to shorten the computation time,
we constrain the model parameters by requiring

H=0=a=-3/2+/10y or a=—3/2—/10y. (15)

In the rest of the paper, we consider a solution family for the case of the non-trivial solfjtisith the first
constrainta = —3/2 +,/10y. Of course, other classes of solitary-wave solutions can be found:ffoamd
the second constraint en S, .

After substitutingul anda into (7), we obtain

_ 126(58 +2V10y)
IV (T (16)
Subsequently, we get the following solution fai(x, t) from (9):
2, 2 2 )
ol ) = =327 ¢ P + 153%05" — 2030 Puoox — 4 D2 Drocx /107 B + 24P v .

¢.°(v/10Y32 + 8~ B + 167%/2)
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Fig. 1. (a) Typical seéashpaed solitary-wave solutian(z, 0) in (21) with parameterst = 1, B =1,G = 1,3 = —2,
~v =10, andn = —3/2 +1/10y = 11. (b)u(z, t) shows the solitary wave property that the amplitude becomes finjtg as
approaches infinity.

Thus, we are able to find a class of analytical sol&s = —224000043%4%/% — 2500C41 37 /7
tionsu(x, t) interms oful), uy, u in (14 - 17) with an 5. 3/2 272
arbitrary functiong(z, t) constrained by the remain- — 84000C 3>y — 71680C1~"/

ing equations (10 - 13). We note that, onceseBund 3.2 4
transformation is discovered and a set of “seed” so- 5376001‘/1—07 e 409601\/1—07

lutions is given, one will be able to find an infinite . 700001\/1—%67 . 5600001\/Eﬂ4 2
number of solutions by repeated applications of the ’

transformation, i. e., to generate a hierarchy of solu-
tions with increasing complexity. In the rest of the! = 1024/*v/10 + 1750/103% + 14000v'105*/?

paper we will find a family of some exact analytical + 13440\/1—C)73ﬁ2 + 5600%375/2 + 625ﬁ7ﬁ

solutions of (1).
5,.3/2 7/2
Sample Solution + 2100083°v%“ + 17920y"/3, (20)
A trial solution whereC is the constant of integration. Combining
all terms, we find a family of analytical solutions of
oz, 1) = 1+e°@) whereQ(xz, t) = A(t)z+B(t) (18) (1) as

is substituted into the remaining constraint equations _(=f—-2a+™H) bs? 1
(10 - 13). From (10), we find u(e, ) =3 5 @+ e0m)

¢7%& x: A() =0 = A(t)= A=constant (19) , 120..(50+2V10y) 1
3/107 + 4~ 1T+ e2@0

Then, we obtainB(t)’ from the terms ofp—2 and

integrate it ovet to get _ [32V G2 bune — 15320,.2 + 203200 bona
“R-t—8

B(t) = %’ + 4¢z¢zzz V 107/6 - 24¢zz27]

R = 105004°V/103% — 627204%V/10735? /]6:2(/1075% + 8+ 8+ 167*/3)] (21)

5,7 5.7/2
+ 137504537, /7 — 972804%+7/%3 with the trial functiong(z, ¢) in (18) with Q(z, ¢) in

_ 543,5/2 5,5 3/2 (19, 20).
20160047677 + 140004767 In the following we show that our solutions indeed
— 280004°V/103%2 — 61444%/10v* have solitary-wave properties by presenting some fig-

ures from the family: We choose, as an example, a
+ 6254538/10, set of arbitrary constantst =1, B =1 andC; =1
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Fig. 2. (a) Sechshaped solitary-wave solutiar(z, 0) with parameterst =1, B=1,G = 1,3 = 2, = 40, anda = 19.
(b) u(z, t) shows the breather solitary-wave solution behavior.

with the constrainty = —3/2 +,/10y. Figures 1 equation. We found a class of analytical solutions
and 2 correspond t3(= —2,7 = 10,a = 11) and u(x,t) to (1) in terms oful}, ug, up in (14 - 17) with
(B =2,v =40« =19), respectively. Firstly, we note an arbitrary function(z, t) constrained by (10 - 13).
thatu(z, 0) in Figs. 1(a) and 2(a) are both secfi¢ A sample solution family foru(z,t) was found in
shaped solutions. From Figs. 1(b) and 2(b) we urkzq.(21) with the constraint = —3/2 +/10y. More
derstand that in both cases the solutions have solitasglitary-wave families can be found fromd" (z, t)
wave property, i. e.u(z,t) tends to a finite value as and other constraints an, 3, « in (15).
|z| approaches infinity. Interestingly, Fig. 2(b) shows
a breather solitary-wave solution. Acknowl edgement
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